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Abst ract - - In  this note, we study a Cahn-Hilliard equation in a deformable elastic isotropic con- 
tinuum. We define boundary conditions associated with the problem and obtain the existence and 
uniqueness of solutions. We also study the long time behavior of the system. © 1998 Elsevier 
Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The Cahn-Hilliard equation 
Op t~A [f'(p) - c~Ap] (1.1) 
Ot 
~, a > 0, where f is generally a polynomial of even degree with strictly positive dominant 
coefficient, is very central to material science. This equation, which appeared for the first time 
in [1], is a conservation law which describes the transport of atoms between unit cells. 
In most of the mathematical works concerning this equation (see for instance [2-8] and the 
references therein), the authors do not take into account the deformations of the material. 
When the displacement gradient is small and when the deformation is infinitesimal, Gurtin 
derived in [9] the following equations: 
Ot 
div C [E - E(p)] = 0, 
(1.2) 
(1.3) 
where E = 1/2(V u + tV u), u being the displacement field, and where B is the mobility tensor, 
C is the elasticity tensor, and E(p)  = e(p - -fi)I, e > O, -fi = Const, I being the identity tensor, is 
the stress-free strain tensor (we assume for simplicity that it is linear in p). 
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In this note, we restrict ourselves to the particular case where the medium is isotropic (we shall 
study more general equations in [10]). In this case, we have 
CD = 2aD + b(Tr D)I, B = hi, (1.4) 
where a, a + b, n > 0, and (1.2),(1.3) reduce to 
0p = nA [f'(p) - (~A p + Ap] (1.5) 
0t 
aAu+ (a + b)V d ivu -  kVp = 0, (1.6) 
where k = (2a + 3b)e and A = 4kae/(2a + b). We note that in this case, the equation for p is 
independent of the displacement u. These two quantities will however be coupled through the 
boundary conditions (see [9,11]). 
We define in this note boundary conditions that allow a mathematical treatment. The ones 
we introduce (of Neumann-type) are "naturally" obtained by deriving a variational formulation 
associated with the problem. We then study the existence and uniqueness of solutions, and the 
long time behavior of the system; which leads us to define a new class of dynamical systems that 
we call weakly coupled dynamical systems. 
2. THE BOUNDARY CONDIT IONS 
We assume in this section that the medium is represented by an open bounded regular domain 
~-~ C R N, N = 2, or 3. 
We associate with (1.5) the usual boundary conditions (of Neumann-type) for the Cahn-Hilliard 
equation (see [6,8]): 
Op OA p O, on 0~, (2.1) 
On On 
where n is the unit outer normal vector to 0~. Now, to define the boundary conditions associated 
with (1.6), we first assume that p and u are sufficiently regular. We multiply (1.6) by a regular 
function v and integrate by parts. We obtain 
a~Vu.Vvdx+(a+b)~(d ivu) (d ivv)dx-k~pd ivvdx+k~oaP(v .n )d~ 
(2.2) /o /o -a  - - .v  da - (a + b) div u(v.n) da = O. n On n 
This leads us to define the following boundary cond{tions: 
Ou 
O---~.Ti = f,, on 0n, i = 2 , . . . ,N ,  (2.3) 
Ou 
-kp  + a-~n .n + (a + b) div u = g, on 0~. (2.4) 
Here (~2,.. . ,  rg)  denotes a basis of the tangent space such that (for instance) (T2,...,  TN, n) is 
direct and fi = fi(x, t), i = 2, . . . ,  N, and g = g(x, t) are regular enough and satisfy the following 
compatibility condition (obtained by integrating (1.6) over ~): 
~o f~Ti + dcr = 0. (2.5) 
Finally, we consider the set of equations (1.5), (1.6), (2.1), (2.3), (2.4), (2.5) (for simplicity, we 
set a = 1) together with the condition 
j fu  dx = 0, (2.6) 
which is added in order to obtain the coercivity of the u component; and the initial condition 
pl =0 = p0. (2.T) 
In the sequel, this set of equations will be called the strong system. 
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3. WEAK FORMULATION 
We consider the following spaces: 
H= {(p,u) E L2(~) x L2(R)N, ~ udx=O} ,
u 1 = (p ,u )  • Hn  × H I (a )N) ,  = 0 on  0a  , 
V 2 = {(p,u) E V 1N (H4(R) x H2(R) N) , OApo____~ = 0 on 0R, 0--n0U .T, = 0 on 0R, 
i = 2,... ,N, kp -  a-~n.n- (a + b) divu = O on Of~ . 
Denoting by (., .) the scalar product in L2(R) and L2(f~) N, we then introduce the following 
variational formulation. 
Find (u, p) : [0, T] ~ V 1, T > O, such that 
d 
d-/(P'/5) + a (AP' A/5) + ~ (V p, V/5) + a (V u,V ~) 
(3.1) 
+(a + b) (div u, div ~) - k (p, div fi) + (V f'(p), V ~) = [ F.£~ da, 
Jo n 
N V (/5, fi) • V 1, where F = ~-~i=2 fiv~ + gn; 
p(O) = Po- (3.2) 
We note here that even though the strong system is fully coupled via the boundary condi- 
tion (3.4), the variational formulation (3.1),(3.2) can be uncoupled. Indeed, we have H = Hp x H~ 
and V ] = VA x V 1, where 
Hp = L2(~), 
V~:  pEH2(R) ,  ~-~n=0On0R , 
Hu= {uEL2(~)N, ~udx=O},  
V~ = Hun H1(~2) g. 
Taking then fi = 0 in (3.1), we first find p : [0, T] --* V~ such that 
d 
d--~(p,~)+(~(Ap, /5)+A(Vp, V~)+(Vft(p) ,V~)=O, V/3 EVA, (3.3) 
p(o) = po, (3.4) 
and finally, taking/5 = 0 in (3.1), we find, for every t E [0,T], u(t) E Vu 1 such that 
a(Vu(t)'V£~)+(a+b)(divu(t)'div£~)-k(P(t)'div£~)=~on F.£zda, V~ e V~. (3.5) 
For simplicity, we assume here that F does not depend on the time. We shall say that sys- 
tem (3.1),(3.2) is weakly coupled. 
Concerning (3.3),(3.4), proceeding exactly as for the Cahn-Hilliard equation (see [6,8]), we have 
the following. 
LEMMA 3.1. We assume that Po E Hp. There exists a unique solution p of(3.3),(3.4) such that 
p E C([0, T]; Hp) N L2(0, T; V•). 
Thus, for every t • [0,T] fixed, p(t) has a sense in L2(fl). Since L(u, fi) = a(Vu,  Vfi) + 
(a + b)(div u, div fi) is bilinear, continuous, and coercive on V 1, we obtain, using Lax-Milgram's 
theorem, the following lemma. 
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LEMMA 3.2. We assume that fi, i = 2 , . . . ,  N, and g E L2(0fl). For every t E [0, T], there exists 
a unique u(t) E V~ satisfying (3.5). 
We thus define a bijection £: : Hp --~ ~zl = £(Ho ) such that Vt E [0,T], u(t) = £(p(t)); and 
we have the following theorem. 
THEOREM 3.1. The mapping f_. : Pip --* ~1 is bi-Lipschitz (for constants that only depend on k, 
a, and b). 
SKETCH OF THE PROOF. We first assume that F -- 0. Since L is coercive and lp : Y 1 ~ R 
defined by lp(£t) = k(p, div fi) belongs to V*, where V~* is the dual of V~, we easily deduce that £: is 
Lipschitz. In order to prove that £-1 is Lipschitz, it suffices to prove that [[lp[[y~ >_ c[p[, Vp E Hp, 
where c > 0. To do so, we note that  [llp[[V. = Supvev~\{o}(k(p, divv)/[Vv[). Choosing v0 such 
that v0 = -Vg ,  where g is the solution of -Ag  = p, g = 0 on 0Yt, we see that v0 E VI\{0}, and, 
thanks to classical regularity results on g, we have [[/pl[yj -> (k(p, divvo)/[VVol) >_ c[ divv0[ = c[p I 
(see [12] for the details). We have a similar result when F ~ 0 by noting that £ is affine in this 
case. 
As a consequence, we see that u E C([0,T]; vul). 
We are now interested in the long time behavior of the system. Thanks to Lemma 3.1, we can 
define the semigroup 
s(t): H,, Hp, 
po p(t), 
and if we consider the restriction of S(t) to Hff = {p E Hp, [fapdx[ _< /3}, /3 > 0, we prove 
(see [6,8]) that S(t) possesses a global attractor ~4~ on Hff. It is thus natural to study the 
properties of the set J[~ = £(,42). 
We consider actually a more general setup. Let E0 and E1 be two closed subsets of two 
Banach spaces £0 and £1, respectively. Let S(t) : Eo --~ Eo be a semigroup which possesses a 
global attractor Ap, and let £ : E0 --* E1 be a bounded bijective (not necessarily linear) operator. 
We shall say that the system Po E Eo H (S(t)po, £ o S(t)(po)) E Eox  E1 is weakly coupled and 
defines a weakly coupled dynamical system. We then give the following definition. 
DEFINITION 3.1. We set S(t) --/2 o S(t) o £-1. 
(i) Let uo be in Eo. A set C C E1 is the positive trajectory beginning at u0 for S(t) ff 
C = {S(t)u0, t > 0}. We define similarly the negative and complete trajectories (see [8]). 
(ii) A set Au C E1 is the global attractor for S(t) if 
(a) A~ is compact in El, 
(b) if B C E1 is bounded, Limt-.+~distE1 (S(t)B, flu) = O, where distE1 denotes the 
Hausdorff semidistance in El, 
(c) S(t)f lu = f lu ,  V t  > 0. 
The set .4; x ~4~ is then called the global attractor for (S(t), S(t)) on E0 x El.  
REMARK 3.1. Even though :~(t) enjoys the properties of a semigroup, we cannot say that S(t) 
is the semigroup associated to the second component of the weakly coupled system. Indeed, we 
cannot take an arbitrary initial data u0 for the system, since u(0) = £(P0). 
We have the following results. 
THEOREM 3.2. We assume that £-1 is uniformly continuous and that .Au is the global attractor 
for S(t) on El. Then, flu = £(Ap). Conversely, if £-1 is bounded and if £ is uniformly 
continuous, then (Ap) is the glob  attractor for g(t). 
SKETCH OF THE PROOF. Setting ~p = L:-I(flu), we see that 4 o is compact and invariant. 
Furthermore, if B0 is bounded in E0, then B1 = £(B0) is bounded in El.  Therefore, V~0, 
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~t0 such that t >_ to implies distE,(S(t)Bl,.Au) < ~; i.e., Vbl E B1, 3al  E ,4~ such that 
I S ( t )b l  - allE1 < ?7 .  We deduce that Vb0 • B0, 3a0 • .4p such that If- o S(t)bo - ~'(aO)lE1 < 
and since 12 -1 is uniformly continuous, we conclude that dist~o(S(t)Bo,.~p) --* 0 as t -* +c~. 
Thus, Ap is the global attractor for S(t) on Eo, and ~p = ,4p. We proceed similarly for the 
second part of the theorem. 
Consequently, if Ap is connected, then so is A~. Furthermore, if Ap has finite (fractal or Haus- 
dorff) dimension and i f / :  is Lipschitz, then Au has also finite dimension, and dim A~ <_dim,4p. 
Concerning (3.1),(3.2) (i.e., the weakly coupled system (3.3)-(3.5)), since L: is bi-Lipschitz, we 
easily obtain the following corollary. 
COROLLARY 3.1. The set A~ = £(Ap ~) is the global attractor (in the sense of Det~nition 2.1) 
for the second component (i.e., u) on V~ = f~(H~p), and A~ × A~ is the global attractor for the 
weakly coupled system (3.3)-(3.5) on H~ x f/~. 
Furthermore, by adapting the method of [5], we can prove the existence of exponential attrac- 
tors (see [13]) for S(t) on H~ (for N = 3, we shall have restrictions on the degree of f ,  see [5,8]). 
As a consequence, j4~ will have finite fractal dimension. Since £ is bi- Lipschitz, we deduce that 
Jt~ will have the same fractal dimension as A~. This will be treated in detail in [12]. 
REMARK 3.2. We note that if the solution of (3.1),(3.2) is regular enough (i.e., belongs to V2), 
then we recover the strong system (1.5), (1.6), (2.1), (2.3)-(2.7). The regularity of the solutions 
of (3.1),(3.2) will be studied in [12]. 
REMARK 3.3. We come back to the general situation described by equations (1.2),(1.3). When 
B = nI (for simplicity, we take n = 1), these equations can be rewritten as 
Op e_A tV -~+aA2p-e2t r (C I )Ap-Ay ' (p )+ 2 tr (C (Vu+ u)) --- 0, (3.6) 
1 
div 0C (V u + tV u) - e div(pCI) = O. (3.7) 
Proceeding as in Section 1, we consider the following boundary conditions: 
Op 
On =0, 
aT+ t r (C(Vu+tVu) )  =0, 
j= l  
/ udx = O, 
on Off, 
on Off, 
on Off, i = 1 , . . . ,N ,  
(3.8) 
(3.9) 
(3.1o) 
(3.11) 
where f l , . . - ,  fN are regular enough and satisfy the following compatibility conditions (obtained 
by integrating (3.7) over ff): 
~o da = O, i 1,. .. ,N. (3.12) £ 
n 
Keeping the spaces H and V 1 introduced above, we then find the following weak formulation. 
Find (u, p) : [0, T] --~ Y 1 such that 
d e( t r (C(Vu+tVu) ) ,A /5  )d--t (p'/5) + a (A p, A/5) + e 2 tr(CI)  (V p, V/5) + 
N 
+ (c  (v  u + u) ,  v - 2e (pC1, V + ¢V S'(P), V/5) = 
(3.13) 
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p(O) = P0, (3.14) 
~/(/5, fi) E V 1. We note that  this more general system is not weakly coupled. In order to study 
the existence of solutions for (3.13),(3.14), we can consider the regularized problem (for e > 0). 
Find (u ~, p~): [0, T] --~ Y 1 such that  
~(pd ~,/5) + e~d (u~ ,2) + c~ C A p~, A/5) + e 2 t r (C I )  i V p~, V/5) 
e 
+2 (tr (C (Vu  ~ + tVu~)) ,A /5 )  + (C (Vu  ~ +tVu~) ,V f i )  
N 
--2e (p~CI, V fi) + ( v f '  (p~), V/5) -- ~ ~ f~ui da, 
i=l o~ 
p (0)=p0, 
(3.15) 
We then obtain a priori estimates on p~, u ~, and v~u ~ that  are independent of e and pass to 
the limit as e --+ 0 (we need some assumptions on C). We assume for instance that  C is sym- 
metric, positive definite and satisfies CtM = t (CM) ,  V M (which yields (C(V u + tV u), ~7 u) = 
1/2(C(Vu  + tVu) ,Vu  + tVu)  >_ c01Vu + tVu l  2, Co > 0)). The details will appear in [10]. 
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